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Abstract
It is one of the main properties of uniformly hyperbolic dynamics that points of
two distinct trajectories cannot be uniformly close one to another. This character-
istics of hyperbolic dynamics is called expansivity. Hirsch, Pugh and Shub, 1977,
formulated the so-called Plaque Expansivity Conjecture, assuming that two invari-
ant sequences of leaves of central manifolds, corresponding to a partially hyperbolic
diffeomorphism, cannot be locally close. There are many important statements in
the theory of partial hyperbolicity that can be proved provided Plaque Expansivity
Conjecture holds true. Here we are proving this conjecture in its general form.
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1 Introduction
The expansivity property plays an important role in the modern theory of
Dynamical Systems. Recall the definition of expansivity following [1].
Definition 1. Let f : M →M be a homeomorphism of a compact metric space
M endowed with the metric d. We say that f is expansive if there exists a > 0
such that given x 6= y ∈ M there exists n ∈ Z such that d(fn(x), fn(y)) ≥ a.
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The largest possible constant a is called the expansivity constant of f for the
metric d.
Quoting J. Lewovicz [2], one may say that expansivity means, from the topo-
logical point of view, that all points of the space M have distinctive dynamical
behaviors. Therefore, a stronger interaction between the topology of M and
the dynamics could be expected.
It is well-known [3] that Anosov, quasi-Anosov and pseudo-Anosov [4] diffeo-
morphisms of smooth compact manifolds satisfy the expansivity property (see
papers [1,5,6,7,8,9,10,11] and references therein for more examples and prop-
erties). J. Lewowicz [12] has demonstrated that expansivity is closely related
to topological stability of dynamical systems. To prove this he has introduced
some non-classical Lyapunov functions. This approach has been developed in
later papers [2,6,7,11,13] and many others.
Of course, the expansivity property does not take place for general non-
hyperbolic diffeomorphisms any more. The most evident example for this is the
identical mapping of a smooth manifold. Sometimes, the class of expansive dif-
feomorphisms is not ”much wider” than Anosov ones. For example, it follows
from results by R.Man˜e [8] that the C1 interior of expansive diffeomorphisms
of the two-torus consists of Anosov diffeomorphisms.
Anyway, it seems to be interesting to try to generalize such a useful tool as
expansivity to non-hyperbolic maps and see what happens. The most trivial
generalization of Anosov diffeomorphisms is the so-called partially hyperbolic
homeomorphisms where the stable and the unstable bundles coexist with the
central one corresponding to a ”slow” dynamics of linearization (all precise
definitions are given at the next section). However, the central bundle is not
always integrable [14]. If it is integrable, there exists a foliation of central
manifolds usually denoted as W c. It seems to be a natural generalization of
expansivity for Anosov mappings, that these central manifolds are expansive
in a certain sense.
However, in general these invariant manifolds are non-compact and the dis-
tance between them can hardly be defined. In order to define a kind of expan-
sivity for this case one should deal with the so-called central pseudotrajectories
(ones where all errors on all steps correspond to shifts along central manifolds).
Roughly speaking, the Plaque Expansivity Property implies that any two suf-
ficiently exact and uniformly close central pseudotrajectories belong to the
same invariant family of central manifolds. It has been conjectured by Hirsch,
Pugh and Shub [15] that if for a fixed partially hyperbolic diffeomorphism of
a compact manifold the corresponding central foliation is uniquely integrable,
then the Plaque Expansivity property is satisfied.
The main troubles arising during the proof are the following.
2
(1) Generally, the central bundle is not smooth. The best one can say is that
this bundle is Ho¨lder [16]. This makes many methods of smooth dynamics
invalid.
(2) Unlike stable and unstable manifolds of an Anosov diffeomorphism, cen-
tral manifolds of a partially hyperbolic mapping are not uniquely defined
by their local parts. For example, in order to construct a central manifold
of a fixed point, one must know the global structure of the diffeomor-
phism. This is a serious obstacle to construct a prolongation of a local
central manifold.
(3) We cannot expect any shadowing for a central pseudotrajectory of a par-
tially hyperbolic diffeomorphism. For example, it was proved [17] that
diffeomophisms with C1-robust shadowing property are structurally sta-
ble. In [18] Abdenur and Diaz conjectured that C1-generically shadowing
is equivalent to structural stability, and proved this statement for so-
called tame diffeomorphisms.
The idea of the proof is the following. First of all (Section 5), we demonstrate
that two uniformly close pseudotrajectories may be selected in such a way
that one belongs to the (un)stable manifold of another one. In Section 6 we
study possible structure of homoclinic points for Anosov diffeomorphisms. We
demonstrate that this structure can be described in terms of the fundamental
group of the manifold. For partially hyperbolic diffeomorphism of simply con-
nected (even non-compact) manifolds we prove that any central unstable leaf
cannot intersect a stable leaf in more than one point. In Section 8 we study a
”partial shadowing”. We try to approximate a subsequence of a central pseu-
dotrajectory by a subsequence of a trajectory with the same set of indices.
In Section 9 we ”project” some points of two distinct central pseudotrajec-
tories to stable manifolds for points of ”partially” approximating trajectory
where the approximation takes place. We prove that these projections give
two uniformly close subsequences of trajectories corresponding to the same
invariant family of stable manifolds. If those sequences are distinct, we have a
contradiction, otherwise initial pseudotrajectories correspond to same center
manifolds.
2 Definitions.
Let M be a compact n – dimensional C1 smooth manifold, dist(·, ·) be a
Riemannian metrics on M and exp : TM → M be the exponential mapping.
Consider the space Diff1(M) of C1 smooth diffeomorpisms f :M →M . Let |·|
be the Euclidean norm at Rn the related and the induced norm on the leaves
of the tangent bundle TM . Suppose that the metric at the space Diff1(M) is
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given by the formula
d(f, g) = sup
x∈M
dist(f(x), g(x)) + sup
x∈M
|Df(x)−Dg(x)|.
For any x ∈M , ε > 0 we introduce the ε – ball, defined by the formula
Bε(x) = {y ∈ R
n : dist(x, y) ≤ ε}.
We shall use the same notation for balls in other Euclidean spaces and ones
in Riemannian manifolds.
Consider the following definition of partial hyperbolicity, see also [19].
Definition 2. A diffeomorphism f ∈ Diff1(M) is called partially hyperbolic
if there exists l ∈ N such that the mapping f l satisfies the following property.
There exists a continuous bundle
TpM = E
s(p)⊕Eu(p)⊕ Ec(p), p ∈M
and continuous positive functions ν, νˆ, γ, γˆ such that
ν, νˆ < 1, ν < γ < γˆ < νˆ−1
and for all p ∈M , v ∈ Rn, |v| = 1
|Df l(p)v| < ν(p) if v ∈ Es(p);
γ(p) < |Df l(p)v| < γˆ(p) if v ∈ Ec(p);
|Df l(p)v| > νˆ−1(p) if v ∈ Eu(p).
Without loss of generality, we may assume that l = 1 in this definition.
Let dimEs(p) = ns, dimEc(p) = nc, dimEu(p) = nu. These dimensions do
not depend on the choice of the point p. Denote
Ecs(p) = Ec(p)⊕ Es(p), Ecu(p) = Ec(p)⊕ Eu(p).
There exists α0 > 0 such that for all p ∈M
∢Esc(p), Euc(p) ≥ 2α0.
Definition 3. We say that a k – dimensional distribution E over TM is
uniquely integrable if there exists a k – dimensional foliation W of the mani-
fold M , whose leaves are tangent to E at every point. Also, any C1 – smooth
path, tangent to E, is embedded to a unique leaf of W .
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Fig. 1. A central pseudotrajectory.
Definition 4. [20]. A partially hyperbolic diffeomorphism f is dynamically
coherent if both distributions Ecs and Ecu are uniquely integrable.
Then, as it was proved in [21], both foliations W cs and W cu, tangent to Ecs
and Ecu respectively, contain a subfoliation W c, that is tangent to Ec.
For τ ∈ {s, c, u, cs, cu}we denote byW τε (p) the connected component of the set
W τ (p)
⋂
Bε(p), that contains the point p. Let distτ (p, ·) be the inner distance
on W τ(p) which is a Riemannian manifold itself. Note that
dist(p, q) ≤ distτ (p, q), q ∈ W
τ (p).
Definition 5. A sequence {xk : k ∈ Z} is called d - pseudotrajectory (d > 0)
if dist(f(xk), xk+1) ≤ d for all k ∈ Z.
Definition 6. A ε – pseudotrajectory {xk} is called central if for any k ∈ Z
we have f(xk) ∈ W
c
ε (xk+1) (Fig. 1).
Definition 7. [15]. A diffeomorphism f satisfies Plaque Expansivity Property
if for any ε > 0 there exists a δ0 > 0 such that for any δ ≤ δ0, d ≤ δ0 and any
two central d pseudotrajectories pk and qk the condition
dist(pk, qk) ≤ δ ∀k ∈ Z (1)
implies
pk ∈ W
c(qk) ∀k ∈ Z (2)
(Fig. 2).
3 Plaque Expansivity Conjecture
The following statement has proved by Hirsch, Pugh and Shub [15, Theorem
7.2].
Theorem HPS1. Let f be a partially hyperbolical diffeomorhism. Suppose
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Fig. 2. Illustration of Plaque Expansivity Property.
that its central bundle Ec is uniquely integrable and the corresponding central
foliation W c is smooth. Then f satisfies the Plaque Expansivity Property.
It was conjectured that this statement is true without assumption on smooth-
ness ofW c (the so-called Plaque Expansivity Conjecture). Note that in general
(even if f is C∞ smooth), the central foliation f is Ho¨lder only.
Sometimes, it is really useful to know that a diffeomorphism satisfies the
Plaque Expansivity property. To illustrate this we give a couple of results.
Theorem HPS2 [15, Theorem 7.1]. Let f be a partially hyperbolical diffeo-
morhism of a Riemanian manifold M , the corresponding central bundle Es
be uniquely integrable and f satisfy the Plaque Expansivity property. Then
there exists a neighborhood Uf of f in Diff
1(M) such that any diffeomorphism
g ∈ Uf is partially hyperbolic, its central foliation is uniquely integrable and g
satisfies the Plaque Expansivity property.
Another application concerns the so-called central shadowing problem.
Definition 8. We say that the partially hyperbolic diffeomorphism f satisfies
the Lipschitz central shadowing property if there exists L > 0 such that for
any d > 0 and any d – pseudotrajectory {pk : k ∈ Z} there exists a central
Ld - pseudotrajectory qk, such that dist(pk, qk) ≤ Ld for any k.
It is well-known that any Anosov diffeomorphism satisfies the Lipschitz shad-
owing property. The following result has been proved in the recent author’s
paper joint with S.Tikhomirov [22] (see also preprints [23,24]).
Theorem TK. Let the diffeomorphism f ∈ Diff1(M) be partially hyperbolic
and dynamically coherent. Then f satisfies the Lipschitz central shadowing
property. If f satifies Plaque Expansivity property, then there exists d > 0 that
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for any d-pseudotrajectory pk the central manifolds for all shadowing central
pseudotrajectories qk coincide.
4 The main result.
We are going to prove Plaque Expansivity conjecture in its general form.
Theorem 1. Any partially hyperbolic and dynamically coherent diffeomor-
phism f ∈ Diff1(M) of a smooth manifold M satisfies Plaque Expansivity
Property.
5 Projection of a central pseudotrajectory to a family of stable
manifolds.
Now we start proving the formulated theorem. Fix a manifold M and a diffeo-
morphism f . First of all, we may assume, without loss of generality that the
stable bundle is non-trivial. If both stable and unstable bundles are trivial,
the statement, we are going to prove, is evident. If the stable bundle is trivial
and the unstable one is not, we may consider the mapping f−1 instead of f .
In what follows below we will use the following statement, which is consequence
of dynamical coherence of f .
Lemma 1. For any ε > 0 there exists δ = δ(ε) > 0 such that for any p, q ∈M
satisfying dist(p, q) < δ there exists a unique point r: {r} = W uε (x) ∩W
cs
ε (y).
Moreover, max(dist(x, z), dist(y, z)) ≤ C dist(x, y).
Of course, a similar statement is true if we replace cs with cu and u with s in
superscripts.
This is just the classical local product structure (see Fig. 3 and [25, Definition
1.3]).
Consider standard exponential mappings expp : TpM →M and
expτp : E
τ (p) = TpW
τ (p)→ W τ (p)
for τ ∈ {s, c, u, cs, cu}. Note that D expp(0) = Id, D exp
τ
p(0) = Id. Con-
sequently, exponential mappings are locally invertible. Then for inner Rie-
mannian metrics distτ in manifolds W
τ (τ ∈ {s, u, cs, cu, c}) the following
statement is true.
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Fig. 3. Local product structure.
Lemma 2. For any µ > 0 there exists ε > 0 such that for any point p ∈ M ,
the following holds
A1 For any q, r ∈ Bε(p) and v1, v2 ∈ TpM such that |v1|, |v2| < ε
1
1 + µ
dist(q, r) ≤ | exp−1p (q)− exp
−1
p (r)| ≤ (1 + µ) dist(q, r),
1
1 + µ
|v1 − v2| ≤ dist(expp(v1), expp(v2)) ≤ (1 + µ)|v1 − v2|.
A2 Conditions similar to A1 hold for expτp and distτ , τ ∈ {s, c, u, cs, cu}.
A3 Angle between tangent space to exp−1q W
τ
ε (q) and E
τ (p) is less than µ for
τ ∈ {s, c, u, cs, cu} and q ∈ Bε(p).
A4 For q ∈ W τε (p), τ ∈ {s, c, u, cs, cu} holds inequality
distτ (p, q) < (1 + µ) dist(p, q).
Then we can use the following statement.
Lemma 3. There is a ε0 > 0 such that for any ε < ε0, p ∈M
W cε (p) ⊂W
cu
ε (p)
⋂
W csε (p) ⊂W
c
2ε(p). (3)
Proof. The first inclusion of (3) is evident, the second one follows from esti-
mates of interior metrics on manifolds W τ (p) by metrics dist. 
Later on for any point p ∈M we shall consider local stable (unstable, central,
etc.) manifolds W τloc(p) = W
τ
σ (p). Here σ is a positive value chosen so that
σ ≤ min(ε0, δ(ε0)) (see Lemmas 1 and 3).
Consider two central pseudotrajectories pk and qk of M such that
dist(pk, qk) ≤ σ
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Fig. 4. Two distinct central pseudotrajectories with same stable manifolds.
for all k.
If W c(pk) 6= W
c(qk), then either W
cs
loc(pk)
⋂
W csloc(qk) = ∅ or
W culoc(pk)
⋂
W culoc(qk) = ∅. (4)
Later on we always suppose that it is (4) that takes place. Otherwise we may
replace f with f−1 and s with u, u with s everywhere in superscripts. The
following statement demonstrates that pseudotrajectories {pk} and {qk} may
be chosen so that the local stable manifolds of corresponding points coincide.
Actually, this statement has been already proved by Bohnet and Bonatti [23].
However, formally speaking, the assumptions of the quoted paper are more
rigorous, so we have to repeat the proof here.
Lemma 4. Let pk and qk be two central δ – pseudotrajectories, satisfying con-
dition (1) and not satisfying condition (2). Then for sufficiently small values
of δ there exist two central pseudotrajectories rk ∈ W
s
loc(pk) and r
′
k ∈ W
u
loc(qk)
such that the following conditions are satisfied (Fig. 4).
(1) There exists a constant C > 0 such that
max(dist(pk, rk), dist(pk, r
′
k), dist(qk, rk), dist(qk, r
′
k)) ≤ Cδ. (5)
(2) Either rk /∈ W
c(pk) or r
′
k /∈ W
c(qk).
Proof. Due to Lemma 1 for any k ∈ Z there is a non-empty intersection of
manifolds W sloc(pk) and W
cu
loc(qk). This is a singleton {rk}. Similarly, we can
define {r′k} = W
cs
loc(pk)
⋂
W uloc(qk). Note that both points rk and r
′
k belong
to W csloc(pk)
⋂
W culoc(qk), so W
c(rk) = W
c(r′k). Then combination of inclusions
rk ∈ W
c(pk) and r
′
k ∈ W
c(qk) would imply W
c(pk) = W
c(qk). Later on we
always assume that rk /∈ W
c(pk), otherwise we can replace f with f
−1, rk with
r′k and pk with qk. Inequalities (5) follow from Lemma 1.
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It remains to prove that sequences rk and r
′
k form central pseudotrajectories.
For small values of δ we have
{f(rk)} = W
s
σ/2(f(pk))
⋂
W cuσ/2(f(qk)) ⊂W
cs
σ (pk+1)
⋂
W cuσ (qk+1) ⊂W
c
2σ(rk).
Moreover, due to selection of σ there exists a C0 > 0 such that
distc(f(rk), rk+1) ≤
C0(dist(rk+1, pk+1) + dist(f(pk), pk+1) + dist(f(pk), f(rk))) ≤ C1δ
where C0,1 are positive constants. This finishes the proof of the lemma. 
The sense of this lemma is the following: we may project central pseudo-
trajectories to the same stable manifold, or, in other words, suppose that
qk ∈ W
s
loc(pk) for all k.
6 Homoclinic points for Anosov and partially hyperbolic diffeo-
morphisms
Lemma 5, given below, describes some properties of Anosov diffeomorphisms
and is out of the mainstream of the proof. For us it is sufficient to take a much
weaker statement of Lemma 6 which is correct for partially hyperbolic dif-
feomoprphisms. However, proofs of these two statements look similar and the
result of Lemma 5 may be interesting itself, so we give here both statements.
Let f ∈ Diff1(M) be an Anosov diffeomorphism of a closed smooth manifold
M ; G = pi1(M) be the fundamental group of M ; Diff
0(M) be the group
of homeomorphisms of M onto itself. Denote by f ♯ the automorphism of G
induced by f . Let f ∗ : Diff0(M) 	 be defined by formula f ∗h = f−1 ◦ h ◦ f .
Definition 9.We say that a point q ∈M is homoclinic to p ∈M or q ∈ H(p)
if q ∈ W s(p)
⋂
W u(p).
Unlike classical definition, here we have p ∈ H(p) for all p.
Lemma 5. For any Anosov diffeomorphism f of a closed connected manifold
M there exists a homomorphism L : G→ Diff0(M) such that
1) for any g ∈ G, p ∈M we have Lg(p) ∈ H(p);
2) for all p, q ∈M such that q ∈ H(p) there exists g ∈ G such that Lg(p) = q;
3) f ∗ ◦ L = L ◦ f ∗.
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Proof. Take two points p, p′ ∈ M , q ∈ H(p) and select an oriented arc γ :
[0, 1] → M , linking points p and p′ i.e. γ(0) = p, γ(1) = p′. There exists an
ε > 0 and a uniquely defined continuous function h : [0, ε] → M such that
h(0) = q, h(t) ∈ W u(p)
⋂
W s(γ(t)) for all t ∈ [0, ε]. Take the supreme value ε0
such that h can be uniquely extended to [0, ε0]. It is easy to see from continuity
of holonomy mappings and transversality of stable and unstable bundles that
ε0 = 1. Then we can define hγ(q) = h(1). Roughly speaking, we have moved
an intersection of stable and unstable foliations along the arc γ.
For a g ∈ G and a point p ∈ M we take a loop γ from the class g starting
from the point p and set
Lg(p) = hγ(p). (6)
First of all, we need to check that this definition is correct i.e. that the right
hand side of (6) does not depend on the selection of a loop γ inside the class
g. Let γ1 and γ2 be two homotopic loops, q1,2 = hγ1,2(p). The set H(p) is at
most countable so, all its connected components are singletons. However, q1
and q2 must be connected by an arc inside H(p), so q1 = q2.
It is clear that Lg is a continuous mapping for every fixed g and that Lg1g2 =
Lg1 ◦ Lg2. Taking g1 = g, g2 = g
−1, we easily see that all mappings Lg are
homeomorphisms. Statement 3) of the lemma is also trivial. So, it suffices to
prove Statement 2).
Take two points p, q ∈ M , q ∈ H(p). There is a loop γ, that is concatenation
of arcs γs and γu inside W
s(p) and W u(p) respectively. Both these arcs join
p and q. We write γ = γ−1s γu that is this is a loop which follows γu from p
to q and then follows γs from q to p. Here we use the power −1 to underline
direction of the arc, nothing more. There is a huge family of such loops γ, but
all of them are homotopic.
Due to definition hγu(t) = γu(t) for all t ∈ [0, 1]. As we move a point along
the arc γ−1s , the manifold
W s(γ−1s (t)) = W
s(q) = W s(p)
for all t. So, Lg(p) = q where g is the class of γ. 
Remark.We have never used compactness of the manifoldM , we just needed
to have transversality of invariant bundles.
Lemma 6. Let f be partially hyperbolic and dynamically coherent diffeomor-
phism of a simply connected (but eventually non-compact) manifold M . Then
for all p, q ∈M , q ∈ W s(p)
⋂
W cu(p) or q ∈ W u(p)
⋂
W cs(p) imply p = q.
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Proof. We use the idea, same to the proof of Lemma 5. Let
q ∈ H(p) := W s(p)
⋂
W cu(p).
Take a loop, linking p and q, similarly to what we have done in Lemma 5. This
loop is homotopic to trivial one so, there is an arc, linking p and q in H(p).
This implies p = q. 
7 Partial shadowing
Here we prove the following result that can be treated as a very weak form of
so-called shadowing (see [27] for definitions).
Take two positive sequences dm, δm → 0. If the statement of Theorem 1 is
false, we may take two sequences of central pseudotrajectories {pmk } and {q
m
k }
such that
dist(pmk , q
m
k ) ≤ δm, distc(f(p
m
k ), p
m
k+1) ≤ dm, k ∈ Z, m ∈ N.
Lemma 7.There exists a number m ∈ N, a sequence kj → −∞ and a point
x0 ∈M such that
dist(pmkj , f
kj(x0)) ≤ σ
for all j ∈ N.
Proof. In this proof we use ideas of proofs for Krylov-Bogolyubov theorem
[28, Theorem 4.1.1] and Poincare´ recurrence theorem [28, Theorem 4.1.19].
Consider an integer sequence sj → −∞ such that for any continuous function
ϕ :M → R there exists a limit
Jm(ϕ) := lim
j→∞
1
|sj |
0∑
i=sj+1
ϕ(pmi ).
These functionals Jm uniquely define Borel probability measures µm on M by
formula
Jm(ϕ) =
∫
M
ϕdµm.
Without loss of generality, we may suppose that measures µm ∗-weakly con-
verge to a probability measure µ∗ which is evidently invariant with respect to
f since δm → 0. Now we take a point x¯ ∈ M and a value ε > 0 such that
µ∗(B) 6= 0 where B = Bε/2(x¯). This can be done since M is a compact set.
Here the value ε can be taken as small as we want.
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Note that there exists m > 0 such that the ball B contains infinitely many
points pmk , k < 0. Otherwise, Jm(χB) = 0 for all m, where χB is the character-
istic function of B. So µm(B) = 0 for all m and µ∗(B) = 0. Let the sequence
ij → −∞ be such that p
m
ij
∈ B for all j.
Similarly to Poincare´ recurrence theorem we may demonstrate that
µ∗

B \
∞⋃
j=0
f−ij (B)

 = 0.
Consequently, there exists a point x0 ∈ B and an infinite subsequence {kj} ⊂
{ij}, kj → −∞ such that f
kj(x0) ∈ B. Therefore,
dist(pmkj , f
kj(x0)) ≤ ε.
To finish the proof, it suffices to take ε ≤ σ. 
Select m from the statement of Lemma 7 and take pk = p
m
k , qk = q
m
k , xj =
fkj(x0). Let p
′
j and q
′
j be uniquely defined points of intersections of W
cu
loc(pkj )
(W culoc(qkj)) with W
s
loc(xj). Due to assumptions of previous sections, we have
p′k 6= q
′
k. Introduce a notation lj = kj+1 − kj.
8 Lifting to the loop-bundle
Let N be the loop-bundle over M . This is a smooth (maybe non-compact)
manifold that consists of homoclinic classes of arcs linking a point x ∈ M
with points y ∈ M . Manifold N is the universal coverage for M ; it is always
simply connected. One can lift the diffeomorphism f to a diffeomorphism F :
N → N . All objects, considered in previous sections e.g. invariant manifolds,
corresponding bundles and pseudotrajectories, can be lifted to N . Let Pk, Qk,
P ′j , Q
′
j , Xj be liftings of points pk, qk, p
′
j , q
′
j and xj respectively. Select them
so that for all j
Xj = F
kj (X0),
{P ′j} = W
cu
loc(Pkj)
⋂
W sloc(Xj),
{Q′j} = W
cu
loc(Qkj )
⋂
W sloc(Xj).
Lemma 8. For any j ∈ N
P ′j+1 = F
lj(P ′j); Q
′
j+1 = F
lj(Q′j). (7)
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Proof. It suffices to prove the first equality of (7). Note that points P ′j+1
and F lj(P ′j) belong to the same central unstable foliation because Pkj+1 and
F lj(Pkj ) do. On the other hand, both these points belong to W
s(Xj). Then
statement of the lemma follows from one of Lemma 6. 
Since P ′j ∈ W
s
loc(Q
′
j), for all j and due to statement of Lemma 8, we obtain
P ′j = Q
′
j for all j. This finishes the proof of Theorem 1.
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